Introduction
The Bernoulli numbers {B n } and Bernoulli polynomials {B n (x)} are defined by B 0 = 1, n−1 k=0 n k B k = 0 (n ≥ 2) and B n (x) = n k=0 n k B k x n−k (n ≥ 0).
The Euler numbers {E n } and Euler polynomials {E n (x)} are defined by
n 2k E n−2k (n ≥ 1) and E n (x) = 1 2 n n r=0 n r (2x − 1) n−r E r (n ≥ 0),
where [a] is the greatest integer not exceeding a. In [S6] the author introduced the sequence {U n } given by U 0 = 1 and U n = −2
[n/2] k=1 n 2k U n−2k (n ≥ 1).
It is well known that B 2n+1 = 0 and E 2n−1 = U 2n−1 = 0 for any positive integer n. {B n }, {E n } and {U n } are important sequences and they have many interesting properties and applications. See [EMOT] , [IR] , [MOS] and [S2-S7] . It is easily seen that ( 432 k .
In 2003, Rodriguez-Villegas [RV] conjectured that for any prime p > 3, ) is the Legendre symbol. (1.2) and (1.3) were later confirmed by Mortenson [M1-M2] . Let Z be the set of integers. For a prime p let Z p denote the set of rational numbers whose denominator is not divisible by p. For a ∈ Z p let a p ∈ {0, 1, . . . , p − 1} be given by a ≡ a p (mod p). Let p > 3 be a prime, a ∈ Z p , a ≡ 0 (mod p) and t = (a − a p )/p. In [S9-S11] the author showed that 
We note that Tauraso [T2] obtained a congruence for
where
Recently, using the fact
and the method in [S9-S11] Mao and Sun [MS] obtained congruences for
modulo p 2 . In particular, they proved
Let p > 3 be a prime and a ∈ Z p with a ≡ 0 (mod p). In this paper we establish congruences for
and some transformation formulas for congruences modulo p 2 . For instance, for a p < p 2 we have
As consequences and applications we obtain some new congruences modulo p 2 . Here are three typical examples:
where q p (a) = (a p−1 − 1)/p and {P n } is the Pell sequence given by P 0 = 0, P 1 = 1 and P n+1 = 2P n + P n−1 (n ≥ 1). We note that (1.13) is equivalent to a conjecture made by the author's brother Z.W. Sun in [Su2] .
Congruences for
For any positive integer n and variable a let
Let p > 3 be a prime, a ∈ Z p and t = (a − a p )/p. Using (2.1) we see that
For any positive integer n define H n = n k=1
1 k . For convenience we also define H 0 = 0.
Lemma 2.1. Let p > 3 be a prime, r ∈ {1, 2, . . . , p − 1} and t ∈ Z p . Then
Proof. We first assume r < p 2
. It is clear that
from the above we deduce that
This yields the result in the case r < p 2 . Now assume r > p 2 . Set t ′ = −t − 1 and r ′ = p − r. We see that
, from the above we deduce that
This yields the result in the case r > p 2
. Hence the lemma is proved. We remark that Lemma 2.1 improves Mao and Sun's (1.11). Theorem 2.1. Let p > 3 be a prime, a ∈ Z p and a ≡ 0 (mod p). Then
, from (2.2) and Lemma 2.1 we see that
, from (2.2) and Lemma 2.1 we deduce that S9, (3.4) ] and Fermat's little theorem,
From the above we deduce that
Putting n = p − 1 and b = −1 in [S9, Lemma 3.1] and then applying [S3, Theorem 5 .1] we get
This together with (2.3) yields the the first part. Putting b = p − 1 and x = −a in [S3, Theorem 3.1] and then applying [S3, Theorem 2.2 (with k = p 2 − 1 and n = 2)] we deduce that
This together with (1.10) ([S9, Theorem 3.1]) yields the remaining part. The proof is now complete.
Theorem 2.2. Let p > 3 be a prime. Then
in Theorem 2.1 we see that
Hence (i) is true by (1.1).
in Theorem 2.1 and applying the fact B p−2 (
By [S9, Theorem 3.3] ,
Thus (ii) holds by (1.1).
) we see that
By [S9, Theorem 3.4] ,
Thus (iii) holds by (1.1).
Let p be a prime greater than 3, a ∈ Z p and t = (a − a p )/p. From [S11, p.3299] we know that for any positive integer n,
For n < p we see that
Taking n = p−1 2 in the above and then applying (1.11) or Lemma 2.1 we deduce the following lemma due to Mao and Sun.
Lemma 3.1 ( [MS, (3.5) ]. Let p > 3 be a prime, a ∈ Z p , a ≡ 0 (mod p) and t = (a − a p )/p. Then
,
or not. Theorem 3.1. Let p > 3 be a prime, a ∈ Z p , a ≡ 0 (mod p) and t = (a − a p )/p. Then
Proof. Note that
From [L] we know that
] ≡ −3q p (2) (mod p). Thus,
Hence applying Lemma 3.1 we obtain
By [S11, p.3306] ,
Thus, (3.1)
By [S11, Theorem 3.1],
Thus, the result is true for
and t ≡ 0 (mod p) we have
This yields the result in this case. The proof is now complete. Theorem 3.2. Let p > 3 be a prime. Then
Proof. Clearly
From [S1, Theorems 3.3 and 3.4] we know that
We also have H [
] ≡ −q p (2) + 2
Taking a = −1/4 in (3.1) we see that t = ((−1)
− 2)/4 and so
This proves the theorem. It is well known that ( [MOS] ) for any positive integer n,
Let p > 3 be a prime. From (3.2) and the well-known fact pB p−1 ≡ p − 1 (mod p) (see [IR] ) one can easily deduce the following known congruences (see [L] , [GS] ):
In [GS] Graville and Sun showed that (3.6)
where {S n } is given by S 0 = 0, S 1 = 1 and S n+1 = 4S n − S n−1 (n ≥ 1). Theorem 3.3. Let p > 3 be a prime. Then
Proof. It is well known that ( [MOS] )
For a ∈ Z p we know that B p−1 (a) − B p−1 ∈ Z p and pB p−1 ≡ p − 1 (mod p) (see [IR, S2, S3] ). Thus, (3.8)
.
in (3.8) and then applying (3.5) and (3.6) we get
Now applying (3.1) we deduce that
This together with (1.1) yields the result. Theorem 3.4. Let p > 3 be a prime, a ∈ Z p , a ≡ 0 (mod p) and t = (a − a p )/p. Then
Taking n = p−1 2 in the above identity and then applying Lemma 2.1 and (3.1) we deduce that
This together with (3.1) yields the result. Theorem 3.5. Let p be a prime greater than 3. Then
Proof. From (3.3), (3.5) and (3.8) we derive that (3.10)
in Theorem 3.4 and then applying (1.1) and (3.10) we deduce the result.
Lemma 4.1 ( [MS] ). Let p > 3 be a prime, a ∈ Z p , a ≡ 0 (mod p) and t = (a − a p )/p. Then
Theorem 4.1 . Let p > 3 be a prime, a ∈ Z p , a ≡ 0 (mod p) and t = (a − a p )/p. Then
Proof. By [S3, Lemma 3 .2], (4.1) 
Hence the result follows from the above and Lemma 4.1. Corollary 4.1. Let p > 3 be a prime. Then
Proof. As t = − 
This together with (1.1) gives the result. Theorem 4.2 . Let p > 3 be a prime, a ∈ Z p and a ≡ 0 (mod p). Then
Proof. By [S10, Lemma 3.1],
Set t = (a − a p )/p. By Lemma 2.1,
, using (4.1) and the fact B n (1 − x) = (−1) n B n (x) ( [MOS] ) we see that
, using (4.1) we see that
≡ − B p−1 1 2 − a − B p−1 (mod p).
Thus, taking n = p−1 2 in (4.2) and applying the above we obtain in Theorem 4.2 and then applying (3.10) and (1.1) yields (iii). The proof is now complete.
Theorem 4.4. Let p > 3 be a prime, a ∈ Z p , a ≡ 0 (mod p) and t = (a − a p )/p. Then 
